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Essentially Globally Asymptotically Stable Nutation Control
Using a Single Reaction Wheel
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Launch-vehicle volume and payload geometry often prefer a spacecraft design based on spin stabilization about a
minor principal axis, at least for a portion of the spacecraft lifetime. Active stabilization is required to maintain
minor-axis spin in the presence of energy dissipation. Lyapunov stability theory is used to develop a globally stable
control law using a single reaction wheel mounted transverse to the desired spin axis. This control law provides
practical automatic recovery of desired spin from any initial state, which linearized analysis and design methods
cannot, including recovery from spin about a major axis (flat spin). A family of control laws is derived that includes
linear feedback from a single rate gyro and a wheel tachometer.

I

PIN stabilization is one of the earliest methods of spacecraft

attitude control. It provides a large angular momentum, making
the vehicle resistant to attitude disturbances including torques from
aerodynamic drag, solar pressure, gravity gradients, and magnetic
moments. Except for dual-spin geosynchronous communication
spacecraft [1] and some interplanetary missions [2], operational spin
stabilization is seldom employed in modern large spacecraft.
However, due to its simplicity and low cost, it is often used for many
small-spacecraft missions (e.g., [3]) and in upper-stage-insertion
segments of larger-spacecraft missions [4].

Classical treatments of rigid-body spin stability used momentum/
energy polhodes in heuristic arguments [5,6] to demonstrate that
with energy dissipation, simple spin is stable about a major principal
axis and unstable about minor or intermediate principal axes. More
recent analyses have provided validation, at least in cases in which
energy dissipation can be well-characterized [7,8]. The rate of
dissipation is a strong factor in the rate of convergence (divergence)
of nutation about the major (minor) axes. Passive nutation-damping
devices are often added to major-axis spinners to increase rates of
dissipation, damping nutation more quickly. In some cases, active
nutation damping [4] is employed to acquire operational nutation
angles from launch-vehicle tipoff conditions in a sufficiently short
time.

For minor-axis spinners, an active nutation-damping system is
necessary for overall system stability in the presence of energy
dissipation. This has been used for upper-stage orbit insertion, in
which the vehicle is in minor-axis spin only until the kick motor is
jettisoned, requiring relatively small amounts of gas-jet-actuator
fuel. No spacecraft have been designed for operation in minor-axis
spin, except, of course, for Explorer 1, for which the divergence into a
major-axis (flat) spin instigated the classical analyses (e.g., [3,6]).
Operational minor-axis spin would require reliable active nutation
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control laws. For long-lived missions, electric actuation (magnetic
torque rods and reaction wheels) would be necessary.

Intermediate-axis spin also requires active control. This has been
proposed using reaction wheels [9] and implemented using gas jets in
a safe mode on the Lewis spacecraft.

Operational spin about a minor axis provides important
advantages for some missions. Payload or instrument design may
favor rotation about the long axis of the spacecraft. Available launch
volumes, particularly as secondary payloads, may favor prolate mass
properties. Finally, significant costs may be involved in adding
ballast mass or locating components to guarantee oblate character-
istics, particularly in a small-spacecraft program.

To be considered in a mission design, however, a prolate spinner
must have a simple, reliable control law in which the stability
properties are well-understood for spin originating in any state,
including that of (flat) spin about the major axis.

This paper provides a Lyapunov design approach for constructing
active nutation control laws using a single reaction wheel, mounted
transverse to the desired spin axis, assumed to be the minor principal
axis of inertia of the vehicle. Major-axis spin also can be treated, but
the details are not reported here. This approach employs the full
nonlinear equations of motion and results in a family of control laws
that provide a specific type of global spin stability, producing reliable
spin stabilization from any initial state. In particular, this approach
enables operational minor-axis spin, using the reaction wheel to
damp nutation and to provide automatic flat-spin recovery. In
addition, the control laws are simple, using linear feedback of one
rate gyro and a wheel tachometer.

Nutation-damping control laws have been designed using
linearized equations of motion (see, for example, [9,10]). Other
approaches consider the full nonlinear dynamics, but only provide
local asymptotic stability (e.g., [11-13]). In both cases, stability is
characterized only in a limited region about the desired spin state, and
the extent of the stability region is difficult to ascertain. For a major-
axis spinner, it may be possible to constrain operation close enough
to the desired spin state. However, for a minor-axis spinner, the
system is likely to initiate far from the desired spin equilibrium (e.g.,
during recovery from a flat spin). A global analysis is needed in this
case.

Our work is distinguished from a large body of literature that
addresses global behavior. Attitude control methods (e.g., [14-20])

fData  available online at http://arioch.gsfc.nasa.gov/300/html/
lewis_document.pdf [retrieved 20 July 2007].
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seek zero angular velocity, which results in loss of dynamic coupling
and corresponding controllability, compared with the spinning
equilibria considered here. Angular velocity control methods can be
divided into two main classes: detumble/despin and nutation control.
The former (see [21-29]) also reduces rotational kinetic energy to
zero and is not useful in spin stabilization. In nutation control, simple
spin about a desired spacecraft body axis is the objective. Many
approaches have been used [21-23,30-34] in which the spacecraft is
treated as a rigid body to which external control torques are applied
(e.g., via magnetic torque rods or gas jets). No internal momentum
storage is considered. The first can be limited by the orientation and
strength of the external magnetic field, and the second is limited by
onboard fuel capacity. We consider control torque supplied by a
reaction wheel, for which mission life is limited only by onboard
electrical-power-generation capability. Translating masses [10] and
control moment gyros have also been used [28]. Reaction-wheel
actuation provides internal torques that arise from changing the
angular momentum of the wheel. Internal momentum storage
produces additional state variables in the spacecraft dynamics.
Actually, three wheels aligned with the spacecraft principal axes can
be modeled as a rigid body with external torques [35]. Other
approaches have used two wheels [36].

Here, we investigate nutation control using a single reaction
wheel, mounted transverse to the desired spin axis. One widely
reported result [35,37—40] uses nonlinear feedback of the product of
two angular velocities, a reaction wheel aligned with the minor or
major axis, and provides neutral stability about the intermediate axis
in the absence of energy dissipation. Local asymptotic stability to
simple spin is provided by the addition of a dissipation law, requiring
measurement of the three-axis-body rate and relative wheel-body
speed [11,12]. Global asymptotic stability is provided if external
three-axis damping torques are assumed, together with a second
actuator to cancel damping in the desired spin axis [41]. In contrast,
our approach provides a type of global asymptotic stability, in which
final spin about either the major or minor axis can be selected, using
linear feedback of one angular velocity sensor and a relative wheel-
speed sensor (tachometer). Principal-axis alignment of the wheel and
external damping torque are not required. Other one-actuator
nutation control schemes [21-23,30-32] do not consider reaction-
wheel dynamics.

This paper is organized as follows. Nonlinear dynamics of the
spacecraft bus with an added reaction wheel are reviewed in Sec. II,
along with the transverse-wheel-mounting constraint. Section III
introduces Lyapunov functions for these dynamics that demonstrate
asymptotic stability of the equilibrium spin in both the passive and
active cases. Details are provided in Appendices A, B, C, and D.
Section IV illustrates closed-loop behavior, including flat-spin
recovery, with simulation examples.

II. Spacecraft Dynamics

It is convenient to express the spacecraft dynamics in a rather
unusual form (compared with, for example, [42]), isolating the
angular momentum due to inertial (rather than relative) wheel spin.
The general formulation can be found in [43]. Here, the wheel spin
axis is oriented transverse to the desired spacecraft spin axis. This
restriction permits a precise theoretical treatment, but is less
restrictive than other single-wheel nutation control approaches
[14,35]. Simulations (Sec. IV) indicate that performance is not
sensitive to wheel misalignment.

Figure 1 shows two spacecraft body frames and a reaction wheel.
The bus has mass m,,, center of mass at 0,, and moment-of-inertia
tensor about o, designated by I, with principal moments of inertia
A’, B, and C’' and -corresponding principal body frame
F=@1,2.3).

The wheel is axisymmetric, with mass m,,, center of mass o,,, and
moment-of-inertia tensor 13" about o,,, with principal moments of
inertia K, L, and L, and corresponding principal wheel frame a, fl,
and fz, where 4 is the rotation axis of the wheel, and €  and fz are any
pair of orthogonal transverse axes.
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Fig. 1 Wheel placement relative to the bus (primed) and spacecraft
(unprimed) principal axes.

The wheel is mounted in the bus with the center of mass at 0,,. The
spacecraft now has center of mass o,, which is offset from the bus
center of mass by r,, and the wheel is centered at r,, relative to oy,
where m,r, + myr, =0. Using dyadic notation [44] with I
indicating the unit tensor, the moment-of-inertia tensor of the bus
about the spacecraft center of mass o, is Iy =1+
my(r:1 —r,r,), and the moment-of-inertia tensor of the wheel
about o is Iy = I3 + m,, (r21 —r,1,).

The total inertial angular momentum vector of the spacecraft about
o, is then given by [43]

h = IZ‘ Tw), + mw(r%)l - rwrul)wb + Ii'u c @y, (1)

where w, and w,, are the angular velocity vectors of the bus and
wheel, respectively, with respect to an inertial frame. If the wheel has
rotation speed u relative to the bus,

®,=w,+ua 2)
Define the inertial wheel speed 2 via
Q=w,-a=w,-a+u 3)
Using these velocity expressions in Eq. (1) and collecting terms
ho= (1 + 10+ m, (R 1-r,r,) — 1 -dd]o, + 144 Q
@)
o

Because, by definition, a is a principal axis of I’ the spacecraft
angular momentum can be written in the form

h =1, -0, +KQa 5)

where I’ - a = Ka and we define
1, =10 + 1 +m, (rg,l - rwrw) —Kaa=I + 1y —Kaa
(6)

The first term in Eq. (5) is the angular momentum component of the
spacecraft with zero inertial wheel speed €2, and the second term is
the spacecraft momentum component due to inertial wheel spin alone
(43].

Use I from Eq. (6) to define principal body-frame F axes (1, 2, 3)
and corresponding principal moments of inertia A, B, and C so that

I,=A11+B22+C33 7

The 3 axis is designated as the desired spin axis. Note that a need not
be a principal axis of I}*, as in [35], and the offset vector r,, need not
be colinear with the wheel spin axis, as in [14]. However, we will
specialize the wheel mounting (in Sec. IILB) so that a is transverse to
the desired spin axis (i.e., the free vector a will be assumed to lie in
the 1-2 plane). Define 6 as the rotation angle (about the 3 axis) of the
wheel spin axis a relative to the 1 axis (see Fig. 2).
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Fig. 2 Wheel spin-axis orientation, restricted to the i-2 plane.

Because the addition of the wheel changes the spacecraft principal
axes, it is generally difficult to determine a physical mounting for the
wheel and spin-axis orientation to achieve a prespecified alignment
angle 6. Fortunately, particular values for 6 are not needed. To ensure
that 4 lies in the 1-2 plane, it is sufficient to place the wheel c.g. and
its spin axis in the bus 1-2 plane, because this results in 3 =3
Another approach is to center the wheel on the 3 axis, with a
perpendicular to 3. If ballast masses are also used, the wheel can be
mounted anywhere in the spacecraft, with the spin axis oriented
orthogonal to the 3 axis.

With zero external torques, the spacecraft dynamics are described
by

Iq fd
=—h=—h h

O=Gh =g hTenx ®
where I indicates an inertial-frame derivative. Substituting Eq. (5) for

h and defining @, as the body-frame F derivative produces

Fq . A SN
d_w,, =w,=—I3" [0, x (I -0, +KQa)+KQa] (9)

t

If the wheel is acted on by an internal motor torque t about the spin
axis a resulting from a voltage-fed permanent-magnet dc motor [45],
we also have
. N? N

KQ=1= Ru+Re (10)
where N [N-m/A] is the motor torque constant, R [Q2] is the
armature resistance, and e is the control (input) voltage. The motor
rotor is included in the mass properties of the wheel, and the stator is
incorporated into the spacecraft mass properties. Together, Eqgs. (9)
and (10) describe the spacecraft dynamics. It is convenient to use
inertial velocity €2 for stability analysis, but relative velocity u is
more easily measured for feedback control.

III. Lyapunov Control for Global Spin Stability

We first consider the passive case (zero control input) in which the
back electromotive force (EMF) in the motor provides energy loss
that results in a rigorous proof of major-axis spin stability. Active
control using feedback from one rate gyro and a wheel tachometer is
then presented.

A. Passive Spin Stability

Assumptions:

1) No external torques act on the spacecraft.

2) The wheel spin axis a is not a symmetry axis of the locked-rotor
mass properties I;" + I3

3) The wheel is actuated by a voltage-fed permanent-magnet dc
motor.

Theorem I: For passive spin under Assumptions 1-3, if the motor
voltage is zero, angular velocity is essentially globally asymptoti-
cally stable to simple spin about the major axis of the locked-rotor
mass properties 1" + I5;.

Proof: The spacecraft kinetic energy 7 is given by [43]

TZ%(wb-IB~wb+K§22) (11)

and it is straightforward to show that

. . N? N
T=KQu=—§u2+Eue (12)

Thus, for zero input voltage e, energy is dissipated through the back
EMF damping in the motor and 7' < 0. Because T is nonnegative, T
converges, and because T is radially unbounded, w, and 2 are
bounded. From Egs. (3), (9), and (10), this implies that « and hence T
are uniformly continuous, and by the Barbalat Lemma [46], T
converges to zero, as does u. By Eq. (10), € also converges to zero.
Thus, the spacecraft dynamics converge to the locked-rotor
condition, where 2 = @, - a and

T=lo,- (1,, . —Kﬁﬁ+Kﬁﬁ) @, =50, (Ih + I“) @
(13)

where I)* + I is the spacecraft locked-rotor moment-of-inertia
tensor, with principal moments of inertia A, B, and C. Hence, the
spacecraft with zero-voltage rotor and the locked-rotor rigid body
have the same set of asymptotic solutions.

For asymmetric mass properties A # B # C, there are six isolated
equilibria for each initial momentum magnitude /, given by simple
spin about each of the principal axes with corresponding rates
+h,/A, £h,/B, and £h,/C. For symmetric spacecraft, any spin
normal to the axis of symmetry is an equilibrium, along with spin
about the symmetry axis. Nonequilibrium solutions @, to the rigid
body [Eq. (13)] for constant 7" are well known [47—49] to be Jacobian
elliptic functions that result in @, coning about either the major or
minor principal axis of Iy* 4+ Iy or heteroclinic motion on a
separatrix connecting intermediate-axis spin equilibria. Now Q =
@, -a will not converge to zero unless 1) w, converges to an
equilibrium (becomes constant), 2) @, converges to circular coning
motion around a with constant cone axis, or 3) @, converges to a
rigid-body separatrix that is orthogonal to a. Separatrix motion
converges to intermediate-axis spin, making option 3 equivalent to
option 1. Coning motion for option 2 does not have a constant cone
axis (the dn Jacobian elliptic function) unless the mass properties are
symmetric, and a is aligned with the symmetry axis of I;* + I5;,
violating Assumption 2. Thus, motion converges to one of the simple
spin-equilibrium conditions.

The lowest-energy equilibrium is spin about the major axis. If the
spacecraft begins with an initial value for 7' lower than the value
associated with locked-rotor intermediate-axis spin, then motion can
only converge to major-axis equilibrium spin, showing that major-
axis spin is locally asymptotically stable. When higher initial
energies are present, convergence to spin about the intermediate axis
or even the minor axis cannot be ruled out mathematically, but these
equilibria are unstable, as shown in Appendix A. Hence, to converge
to these equilibria, state trajectories must remain on thin stable
manifolds leading to the equilibria, which could not occur in the
presence of disturbances such as cogging torques in the reaction-
wheel motor. Thus, we have essential global asymptotic stability,
because we have global asymptotic stability to major-axis spin,
except for states on the thin stable manifolds leading to intermediate-
or minor-axis equilibria. O

Although this result is weaker than conventional global
asymptotic stability, the distinction is purely mathematical; torque
disturbances in practice prevent exact stable manifold motion,
resulting in eventual major-axis spin. Unfortunately, the rate of
energy loss can be quite small. Also, the passive case does not
provide a means to damp nutation about the minor axis for stabilizing
prolate spin. The main results of this paper use active feedback
control of motor voltage e to provide more aggressive nutation
damping, which can produce essential global stability of minor-axis
spin. More aggressive nutation damping for major-axis spin can also
be produced, although this case is not treated here (see [30] for initial
results for both prolate and oblate spins).
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B. Active Spin Stability
Under active control, the desired equilibrium is

w,=0,3, Q=0 (14)

for some spin rate w,, that is, simple spin (no nutation) about the 3
axis with zero inertial wheel spin. Because the wheel is transverse to
the 3 axis, Eq. (3) also implies zero relative wheel spin u. Stability of
a set of 3-axis spins is of interest, rather than stability of a particular
equilibrium along this line. Because external torques are zero, the
initial vehicle angular momentum magnitude # = |h| is a constant of
the motion, which constrains the system states to evolve on a three-
dimensional cylindrical submanifold of R*. This is cylindrical
because changes in wheel momentum and one component of body
momentum can cancel, resulting in no change to the total spacecraft
momentum. Boundedness of wheel spin is therefore an important
question to be addressed by stability analysis, as well as the
convergence of spacecraft states to the desired equilibrium spin.
When this convergence occurs, the system is termed semistable [51],
or partially stable [52], because the initial spacecraft momentum
determines the equilibrium spin velocity w, = 4+/h*/C?, and
asymptotic stability occurs in only part of the state space (i.e., the
subspace normal to the 3 axis).

Assumptions:

4) The wheel is mounted with spin axis a orthogonal to the
spacecraft 3 axis.

5) If the mass properties are asymmetric (A # B), then the wheel
spin axis a is not aligned with the major axis of I.

Theorem 2: For minor-axis spin under Assumptions 1-5, if the
control parameter ['> > C|B — A|, then the rigid spacecraft [Egs. (9)
and (10)] with prolate mass properties A > C and B > C, containing
a single reaction wheel under feedback [Eq. (20)] from a wheel
tachometer and one rate gyro, i§ essentially globally asymptotically
stable to simple spin about the 3 axis.

Proof: Consider the quadratic Lyapunov function candidate

V=[(Is—-1Ic) 0, + KQa]-M-[(I; — I¢) -, + KQa]
1 KT2Q2 (15)

where M is positive semidefinite, I = CI, and I is an arbitrary
constant. Note that

I,-I.=A-0)114+(B—C)22+(0)33 (16)

hence, V does not depend on the 3-axis component of @,. For the
limiting wheel inertia case K = 0, and M as given in Eq. (17), this
Lyapunov function reduces to the Lyapunov function used in [53,54]
for rigid-body stability analysis and in [55] for design of magnetic
nutation-damping systems.

When the desired spin axis 3 is the minor axis, we have A > C and
B > C. As shown in Appendix B, taking the time derivative of
Eq. (15) and substituting the equations of motion (9) and (10) and

M =A(B—C)11+B(A - C)22+(0)33 (17)
results in
V =2KQ[(CS + y)w,, - & + yu] (18)

where €2 depends on the control signal e from Eq. (10) and § and y are
constants:

§=A-C)B-C)

19)
y = K[C(B — C)cos?0 + C(A — C)sin’0 + T?]
Employ a control law such that
e=—f{(CS+ y)w,-a+ yu} + Nu (20)

where f is any definite odd function [i.e., sign(f{x}) :.sign(x) and
f{x} = 0implies x = 0]. This control law produces a K2 in Eq. (10)
that ensures that V' is monotone decreasing:

V:%%ﬂ@%wmyé+wmw+Www%HM§0
@1

Note that the control law (20) only requires a single rate-gyro sensor,
aligned with the wheel axis a, and a tachometer on the wheel
measuring relative speed u. In its simplest form, Eq. (20) is linear in
the measured quantities.

Because V is nonnegative and V is nonpositive from Eq. 21),Vv
converges. Note that when I'2 > 0, V is radially unbounded for all @,
and €2, except those in the subspace spanned by the vector (3, 0). The
total angular momentum constraint bounds the component of @,
along 3. Hence, the angular velocities @, and €2 are bounded, and
from Egs. (3), (9), and (10), V is uniformly continuous. By the
Barbalat Lemma [46], 1% converges to zero, and angular velocities
converge to the set P € it*, where V = 0. In fact, using the LaSalle
invariance principle [46], we have convergence within V =0to the
largest subset S, which also satisfies the equations of motion. Then
S C P € R* is an invariant set of Egs. (9) and (10), because motion
originating in S remains in S.

As shown in Appendix C, when I'? > 0, the invariant set S under
feedback control consists of six equilibrium points (even in the
symmetric case, in which A = B). Two are located at +w,, along the
3 axis and constitute the desired (minor-axis) spin states. Four other
(undesired) equilibria exist in S, which would be a concern except
that these equilibria are unstable, as shown in Appendix D. Thus,
these equilibria each have an unstable manifold dimension of at least
one, along which states move away from the equilibrium. In the
three-dimensional manifold of constant momentum magnitude, a
submanifold can also exist that attracts states toward the undesired
equilibrium, but this stable manifold can have a dimension no larger
than two. As a result, initial states that are attracted to an undesired
equilibrium must originate on thin sets, and all other initial
conditions (i.e., except for these sets of measure zero) result in the
desired equilibrium spin. The set of two desired equilibria are then
essentially globally asymptotically stable. O

As mentioned earlier, this result is mathematically weaker than
global asymptotic stability, but it provides practical recovery from
any initial spin state to the desired equilibria, because measurement
noise in the control system or wheel torque disturbances prevent the
system from remaining on any of these thin sets leading to the
undesired equilibria.

The next section illustrates the behavior produced by the
Lyapunov control law on two worst-case examples. One considers
the scenario in which the spacecraft state is initialized on one of the
undesired equilibria. The second case explores behavior in
recovering stable prolate spin from a flat (oblate) spin. Robustness of
the control law is indicated by a third example, which shows that the
closed-loop behavior is not sensitive to wheel misalignment and
mass-property uncertainty.

IV. Simulation Examples

The first two simulations are for a prolate spinner with the
following mass properties: bus mass m;, = 72 kg, with principal
moments of inertia (kg-m?) of A’ =8.1600, B’ = 6.9600, and
C" = 4.5600; wheel mass m,, = 2.4127 kg, with center of mass o,
located in the 1-2' plane, at an angle of 77/3 rad from the 1 axis, and
atadistance of 0.15 m from the bus center of mass o,,. The spin axis a
lies in the 1-2 plane, at an angle of 0.4189 rad about the 3 axis from
the 1 axis. The wheel has principal moments of inertia (kg - m?) of
K’ =0.0077 and L’ =0.0054. This wheel mounting satisfies
Assumption 4. Using the procedure outlined in Sec. II, we obtain an
I; with principal moments of inertia (kg-m?) of A = 8.1942,
B =6.9718, and C =4.6130 and a wheel-alignment angle 6 (see
Fig. 2) relative to the spacecraft principal frame of 0.4398 rad; this
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Fig. 3 Oblique view of bus angular velocity o, trajectory under a Lyapunov control law, beginning on undesired equilibria. Solid lines are the principal
axes of I, and dashed lines are the loci of undesired equilibria, which lie in the 1-2 plane. The reaction-wheel spin axis (thick line) also lies in this plane.

satisfies Assumption 5. The control parameter I'> = 100 (larger than
C|B — A| = 5.6389), and this results in the parameter y = 0.8640.
The control law is a linear version of Eq. (20):

e=—k{(Cs§+ )@, -a+ yu} + Nu (22)

where feedback gain « = 0.01. The simulation was initialized near
each of the four undesired closed-loop equilibria given by Eqgs. (C2),
(C3), (C9), and (C10), and Fig. 3 shows the resulting evolution of the
angular velocity w;, in components relative to the (1, 2, 3) frame. The
left side of Fig. 3 shows initializations resulting from equilibrium
parameterizations ¢; = —0.9150, ¢, = 0.6422, and 6, = £1.8 from
Appendix C. The right side results from c¢; =—0.9150 and
¢, = —1.5572, with o, = +1.0. All four undesired equilibria have a

zero 3 component of angular velocity (o3 = 0). The initial states are
marked with a circle, and the final states are marked with a rectangle,

showing that in each case, the trajectory converges to simple 3-axis
spin, as proved in Theorem 2. Note that the sign of the final spin
depends on how the state trajectory leaves the unstable equilibrium,
which depends on how numerical simulation errors accumulate.
Additional steps must be taken in the control law to assure a desired
sign in the final spin.

Figure 4 shows the angular velocity components versus time for
one of these four initial condition cases. The states remain near the
undesired equilibria for approximately 200 s before numerical
disturbances result in deviation from the thin stable manifold,
resulting in rapid repulsion from this unstable equilibrium and
transition to prolate spin at about 400 s. Simulation errors have a role
similar to disturbance torques in practice, causing the system state to
deviate from the stable manifolds, leading to undesired equilibria.
Note that w;, w,, and © converge to zero, and w; converges to
approximately —3.17 rad/s in a stable prolate spin. Figure 5 shows

2 - -
8—‘ o-— — — — — Wﬁww—__—
-2 . A .
2O 200 400 600 800
-2 A .
0 200 400 600 800
o % [ ' ' '
3 2 __—_"“”‘. ““"‘“"“WWWM.
0 200 400 600 800
100 - -
C‘ 0 ______ IE{WW__—_
-100 : . .
0 200 400 600 800
Time, s

Fig. 4 Angular velocities (rad/s) beginning on an undesired
equilibrium of the closed-loop Lyapunov control system.

that the corresponding Lyapunov function is monotone decreasing
toward zero. The total kinetic energy is decreased by about 10 J by
the motor and control law to its final value at the minor-axis spin
equilibrium. Peak motor torque during the transition is
approximately 0.2 N-m. Peak motor mechanical power is less
than 5 W, with an rms mechanical power provided by the motor over
the approximately 300-s transition of only about 0.25 W. Total
angular momentum magnitude is constant (except for numerical
simulation errors), because there are no external torques; variational
integration may be applied to improve these errors (see, for example,
[56]). A wide variation in recovery time is possible by varying the
feedback gain k, although larger gains require larger motor peak
torque and correspondingly larger power-source capabilities.

The angular velocity in this example is qualitatively similar to a
rigid body with energy dissipation, although we have asymptotic
stability of the minor axis here. The dashed undesired equilibria lines
in Fig. 3 (left side) have angular velocity motion about them, which is
characteristic of a rigid-body intermediate axis with a saddle-point
equilibrium. The dashed undesired equilibria on the right side of
Fig. 3 exhibit unstable spiral behavior that is characteristic of
dissipative spin about a rigid-body minor axis. The effect of the
Lyapunov control law is therefore a small rotation of the equilibrium
lines (relative to the rigid-body principal axes), together with a
swapping of the stability properties of the major and minor-axis
spins. Because the effective mass properties are not significantly
affected by the control law and the total momentum is not changed,
stabilization is accomplished with little energy expenditure.

The second example illustrates flat-spin recovery using the same
values for the control parameters I' and « as those already shown.
Initial conditions lie on the locked-rotor major axis, which is the
essentially globally asymptotically stable equilibrium of the
spacecraft in the passive state, in which the applied wheel voltage e is
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Fig. 5 Lyapunov function V, kinetic energy T' (J), and total angular
momentum magnitude || (N-m-s) beginning on an undesired
equilibrium.
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Fig. 6 Oblique view of flat-spin recovery under a Lyapunov control
law. Solid lines are the locked-rotor I;* + I3 principal axes, and dashed
lines are the locus of undesired equilibria.
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Fig. 7 Angular velocities during flat-spin recovery (rad/s).

zero. This condition is simulated for 100 s, at which point the
Lyapunov control law is enabled. Figure 6 shows the resulting
trajectory for the bus angular velocity components, beginning at a
passive equilibrium (circle) on the locked-rotor major axis (solid
line) and converging to w;, ®,, and 2 equal zero (rectangle). Because
the passive equilibrium is not on an equilibrium of the closed-loop
system (dashed lines), the angular velocities immediately diverge
from major-axis spin when the control law is enabled and quickly
converge to the desired minor-axis spin. Figure 7 shows the velocity
components of the bus and wheel versus time. Figure § shows the
corresponding Lyapunov function V (monotone decreasing) and the
total kinetic energy 7. The kinetic energy has a larger final value due
to the higher energy in minor-axis spin. Total angular momentum is
once again conserved (except for numerical errors).
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Fig. 8 Lyapunov function V, Kinetic energy 7 (J), and total angular
momentum magnitude 72 (N - m - s) for flat-spin recovery.

A potential difficulty with flat-spin recovery occurs when the
locked-rotor major axis is aligned with an undesired equilibria line
(e.g., solid lines in Fig. 6 align with the dashed lines). This produces
behavior similar to the case in Fig. 3, in which divergence from this
initial state will eventually occur because it is unstable, but it may be
difficult to predict how long this will take. As shown in Appendix C,
this condition can be avoided by locating or orienting the wheel so
that undesired equilibria do not lie on the locked-rotor principal axes,
providing immediate divergence from flat spin when the control law
is enabled.

The third example investigates the robustness of the control law to
mass-property uncertainty and wheel-misalignment errors, which
are larger than would be expected from modern CAD models of
spacecraft. The spacecraft and wheel are the same as in the previous

examples, but the wheel center is elevated 20 deg above the 1-2
plane and its spin axis is tilted 10 deg out of this plane. This results in
a wheel axis tilt of 9.75 deg out of the plane transverse to the desired
spin axis, violating Assumption 3. In addition, the control law uses
mass properties that are in error as follows: A is 10% too large, B is
5% too small, C is 8% too large, and the mounting angle 6 is 10% too
small. The control law parameters I" and k are the same as before.
Figure 9 shows the resulting trajectory of body angular velocities,
starting at a flat-spin condition for these mass properties. After 100 s
of zero motor voltage, the Lyapunov control law is enabled,
producing stable prolate spin that is very similar to the exact mass
properties and wheel-alignment case of flat-spin recovery in Fig. 6.
Figure 10 indicates that the wheel velocity €2 does not go to zero, due
to its nonzero component in the desired spin direction. Accordingly,
the Lyapunov function V remains bounded away from zero, as seen
in Fig. 11. Similar subtle differences were observed in other
simulations with differing wheel-alignment and mass-property
errors and different initial conditions. A comprehensive robustness
study is beyond the scope of the paper, but these results indicate that

2
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Fig. 9 Oblique view of flat-spin recovery under a Lyapunov control
law, with wheel-misalignment and mass-property errors in the control
law.
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Fig. 10 Angular velocities during flat-spin recovery with mass-
property and alignment errors (rad/s).
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Fig. 11 Lyapunov function V, Kinetic energy T (J), and total angular
momentum magnitude # (N -m -s) for flat-spin recovery with mass-
property and wheel-alignment errors.

the proposed control law is not sensitive to typical errors encountered
in practice.

V. Conclusions

The Lyapunov control law presented in this paper provides a
practical technique for stabilizing prolate spin on small spacecraft.
The control hardware is compatible with low-cost spacecraft,
requiring only one reaction wheel with an integral tachometer and
one rate gyro aligned with the wheel spin axis. The control law can be
a simple linear proportional feedback of sensed angular velocity and
relative wheel rate to reaction-wheel torque, which could be
implemented in rugged analog electronics or in a low-cost
microcontroller. Wheel mounting is only constrained to be
transverse to the desired spin axis and not aligned with the major
principal axis for the theoretical results, promoting the idea of a
modular, self-contained, spin-stabilization assembly (reaction wheel
and rate gyro) that could be added to a spacecraft instead of ballast
mass or embarking on a major redesign to obtain oblate mass
properties. All that is needed from the spacecraft is electrical power,
enabling long-lived operational spin about a minor principal axis.

Analysis of this control law revealed that conventional global
asymptotic stability is not possible with this single-wheel approach,
which can be traced to underactuation. Despite the relatively weak
semidefinite Lyapunov functions and derivatives that result, a strong
LaSalle invariance result was derived, leading to the conclusion that
prolate spin is essentially globally asymptotically stable. That is,
there are only four other spin equilibria, and conditions were given so
that these are always unstable. The stable manifolds entering these
equilibria are thin (sets measure zero in the angular momentum
constraint manifold), hence the state cannot remain near these
equilibria in practice, due to measurement noise and numerical errors
in the control law. In particular, this control law provides guaranteed
recovery from arbitrary launch-vehicle tipoff conditions, including
flat spin (major-axis spin).

The control law contains two free parameters that can be adjusted
to obtain variations in nutation-damping rates and corresponding
wheel torque and power requirements. A preliminary empirical study
[50] investigated optimal settling times for this control approach.
More generally, a family of control laws is exhibited in which any
odd function can be applied to the linear feedback. Variations of the
control law within this family may enable more efficient use of small
reaction wheels with limited power and torque. The simulation
examples presented here show that the effect of the Lyapunov control
law can be designed to produce a minor modification to the rigid-
body spacecraft dynamics, producing qualitatively similar nutation
behavior that is well-understood, except that stability properties of
oblate and prolate spin are interchanged. This control law requires
only a subtle change in the spacecraft kinetic energy over time. In
turn, the proposed control law requires correspondingly small

electrical-energy requirements and appears to be robust to
uncertainty in spacecraft mass properties and wheel misalignment.

Appendix A: Passive Equilibrium Stability
Suppose that the locked-rotor mass properties satisfy A > B > C

with principal axes a,2, 3). Consider deviations from equilibrium
spin about the 2 (intermediate) axis in the form @, = o1 + $2. When
constrained to the manifold of constant angular momentum

magnitude &, with u =0,
=0, (I‘;S + Iz;) cw, = a?A? + BB (A1)
The corresponding kinetic energy is then
T =0a%A+ 2B =o?A + (h?, - oczfiz)/é
=h2/B+ o*A(B—A)/B (A2)

The first term on the right is the kinetic energy 7, for 2-axis
equilibrium spin, and the second term is negative forall « # 0. Thus,
there are states in every neighborhood of this equilibrium within the
angular momentum manifold that have T < T,.

Because 7' < 0, motion beginning on any such initial state will
converge to one of the other equilibrium spins (as shown in Sec. III)
with corresponding T = T;, where T; < T,. Thus, equilibrium spin
about the 2 axis (intermediate axis) is Lyapunov-unstable.

Similarly, for equilibrium spin about the 3 axis, ,, in the form
al +73 with u=0 results in T=h2/C+ a*A(C—A)/C,
showing that there are states in every neighborhood of 3-axis
equilibrium spin within the angular momentum manifold that have
smaller kinetic energy, and this equilibrium (minor-axis spin) is also
Lyapunov-unstable.

When B > A > C, note that the preceding argument for 3-axis
(minor-axis) spin holds. For 1-axis spin (now the intermediate axis),
write Eq. (A2) in the form T = h2/A + f?B(A — B)/A to show
instability.

Appendix B: Lyapunov Derivative
The time derivative of the scalar Eq. (15) is given by

. 64 .
V= EV=2[(IB —1¢)-w, + KQa]- %(M Jdp—1¢) - o,
+ KQa)) + 2K*T2QS (B1)

where G is any frame. Because M, I, and I are fixed in the body
frame F, we use the F frame derivative to obtain

rd

—
dt ®

V=2[(Iz— 1) w, + KQ4&]- (M- [(IB —Ic)-
+KQ aD +2K2T2QQ (B2)

Substituting the spacecraft dynamics [Eq. (9)] results in

V=—2(I;—1¢) @+ KQa]-M- (I — I) - I3
Jw, x (I - w, + KQa) + K2 a] + 2KQ(15 — 1)
‘@, + KQa]-M-a + 2K’I?2QQ (B3)

The form of M given in Eq. (17) produces
M- (I;— 1) I3' = 6(1-33) (B4)

where 6 is defined in Eq. (19); thus,
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V==283—1I.) 0, + KQa]-[w, x (Iz-®, + KQ4a)
+KQa]+ 28I — 1) - @, + KQa]- 33w, x (I;-w,
+ KQa) + KQa) + 2KQ(1; — I¢) - 0, + KQ4|
"M -4+ 2K2T2QS (B5)
Write the first term of Eq. (BS) in the form
—28[15- @, + KQa]-[w, X (13- @), + KQa)|+ 26[1 - w,]

@y x (- @, + KQa)|—2KQ28[(1; — 1) - @, + KQaJ- 4
(B6)

The vector identity x - (x xy) =0 shows that the first term in
Eq. (B6) is zero. Similarly, because I - ®;, = Cw,,, the second term
in Eq. (B6) is also zero. The second term in Eq. (B5) is zero because

Iz — I is a projection onto the 1-2 plane, and a is restricted to that
plane. Combining the surviving third and fourth terms of Eq. (BS)
and the third term of Eq. (B6), we obtain

V=2KQ{(I; — I¢) - @, + KQa]- (M — 1) - a + KI[?Q}
B7)

Using the expressions in Eqgs. (3), (16), (17), and (B7) simplifies to
Eqgs. (18) and (19).

Appendix C: Invariant Set S Properties

From Eq. (21), we have the set P (where V =0) defined by the
linear constraint on %> x N:

0=(C8 + y)w,-a+ yu=Céw,-a+ yQ (C1)
This defines P as a three-dimensional subspace of %* spanned by

vi=(ya,—C), v=([b0), v=@30 (2

where b = 3 x a, so that every element of P has the form

(@, Q) = 0,V, + 0,V, + 03V3 = (0,74 + 0,b + 033, —0,C§)
(C3)

for some o; € . Substituting Eq. (C3) into the closed-loop
dynamics [Eqgs. (9), (10), and (20)] produces a vector field on P.
Generally, this vector field does not lie in P, hence some initial states
in P will not remain in P. To be invariant, S C P contains only those
states for which the closed-loop vector field lies in P. Therefore every
element of S has a (body frame) time derivative that can also be
represented in o; coordinates, producing a set of differential
equations in the o;. Solutions to this set of ordinary differential
equations (ODEs) are the only closed-loop state trajectories that
remain in P. The largest invariant set S therefore consists of all
solutions to these ODEs.

First, note that using Eq. (C1) in Eq. (20) produces e = Nu, and in
Eq. (10) this implies that Q=0. Taking the body-frame time
derivative of Eq. (C3), we immediately see that ¢, = 0. Writing
®, = 0,74 + 0,b + 033 and ®, = 6,74 + 6,b + 653 in coordi-
nates of the body (i, i 3) frame and substituting into Eq. (9) results
in

A6, sin @ = Coj(o,ysin 6 + 0, cos 6)
— o3[0,(By — KCé) sin 6 + Bo, cos 6]
Bd, cos 0 = Coz(0,y cos 8 — 0, sin 6)
— 3]0, (Ay — KC$) cos 8 — A, sin 6]
Co3 = —(0,ycos 8 — 0, sin B)[o, (By — KC$) sin 8 + Bo, cos 0]
~+ (o,ysin @ + 0, cos B)[o,(Ay — KC6) cos 8 — A, sin 0]
(C4

Combining the first two equations results in the constraint

BCo3 cos 0(o,y sin 8 + o, cos 6)
— Boj cos Olo, (By — KC$) sin 6 + Bo, cos 0]
= ACo; sin (o, y cos 0 — o, sin )

— Ao sin0lo (Ay — KCé) cos 8 — Ao, sin 0] (CS5)

Consider separately the cases in which o3 = 0 and 03%0. When
03 =0, Eq. (C5) is satisfied and the corresponding solution to
Eq. (C4) must have g; = 0. Note that g, is also zero. This results in a
constraint between equilibrium values o, and o, in the form

(017)*(B — A) cos sin 6 — (0,y)0,[-KC§
+ (B — A)(sin?0 — cos?0)] — 0% (B — A) cos fsin 0 = 0
(C6)

If A = B, this requires 0,0, = 0, because KC§y # 0. This produces
two solutions for o,, satistying the momentum constraint when
o, = 0 (spin about b with no wheel spin £2), and two solutions for o,
when o, = 0 (spin about a with a proportional wheel spin £2). When
A # B, consider separately the cases when sinf =0 and when
cos 6 = 0. This results in the constraints

0,0,¥(B—A+ KCé) =0, 010,Y(A— B+ KCé) =0 (C7)
respectively. If we specify (Assumption 5) that the wheel a axis is not
aligned with the body major axis, we have B > A when sin 8 = 0 and
A > B when cos § = 0. Because § > 0, the preceding cases then
reduce to 0,0, = 0 as before.

In the more general case in which (A — B)sinfcosf # 0,

Eq. (C6) becomes

(019)* —ci(o1y)o, —05 =0 (C8)

where

o KC8/[y(A — B)] + sin?6 — cos?0
=

cos Osin 6 €

From the quadratic formula, o, and o, satisty the two linear relations:

G=c/2+ /R /A+1 (C10)

Note that c, is finite and nonzero here, so that equilibrium lines do not
align with the wheel axis a or the transverse axis b. It is desirable to
locate the wheel so that these equilibrium lines also do not coincide
with the locked-rotor principal axes I;* + I3, promoting flat-spin
recovery, as discussed in Sec. [V. Along with 63 = 0 and the constant
total momentum, this again produces a set of four distinct points in P
that are invariant. These are undesired equilibria, because they do not
result in spin about the 3 axis.

Returning to Eq. (C3), suppose 03£0. At any time that o3 # 0, we
obtain a linear relation between o, and o, in the form

Y01 = €209,

0, = mo, (C11)
where

_(B—=A)cosOsin6[(C—A—B)y + KC{]
" B(B—C)cos?d + A(A — C)sin®f

(C12)

From the previous finding that 6, = 0, this implies that ¢, = 0.
Using Eq. (C11) in Eq. (C4) produces two constraints:

01[(B—C)(ysinf + mcosf) — KC§sinf] =0

(C13)
01[(A=C)(ycos@ —msinf) — KC5cos 0] =0

For the coefficients of o, to be zero in both of these, we need y to
satisfy, respectively
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_ KCGs cos 6 _ KCGS N sin 0 Cl4)
Y=8=c "sno’ V=a=cm Meost
Equating these and solving for m yields
m = KC(A — B) cos fsin 6 (C15)

If (A— B)cosfsinf # 0, Egs. (C12) and (C15) together with
Eq. (19) imply that I' = 0. Thus, both coefficients of 0| in Eq. (C13)
cannot be zero when T # 0, implying that o, =0, and from
Eq. (C11), 0, = 0. Using this in Eq. (C4) results in 3 = 0. Because
o3 # 0, this represents the desired equilibrium spin about the 3 axis.
The two values of spin rate +w, will be determined by the angular
momentum constraint. If A = B, then m =0, hence o, =0, and
Eq. (C14) yields I' = 0 as before. If A # B but cos 6 sin § = 0, then
Eq. (C14) cannot both be satisfied (for any I'), and both o, = 0 and
0, = 0, resulting in the same two 3-axis equilibria as before.

Together with the four undesired equilibria found earlier, these
two desired equilibria constitute the largest invariant set S in P.
Because V <0 in the entire state space, the LaSalle invariance
principle [46] implies that beginning at any initial state, the
spacecraft angular velocities converge to one of these six equilibria in
the invariant set S. This is a particularly strong result, given that both
the Lyapunov function and its derivative are only semidefinite
functions in the neighborhood of these equilibria. Specifically, this
result implies that all state trajectories that begin away from an
equilibrium result in a strict decrease in V; otherwise, S must contain
more than six isolated points. We will use this in Appendix D to show
instability of the undesired equilibria and asymptotic stability of the
desired minor-axis spin.

Appendix D: Stability of Equilibrium Points in S

We show that level sets of V passing through undesired equilibria
U, are distinct from the constant angular momentum magnitude
constraint. This is combined with the results of Appendix C, which
show that V is strictly decreasing for state trajectories originating in
neighborhoods of the U;, to show that these equilibria are unstable.
Methods such as Chetayev’s instability theorems [46,57] require
assumptions (such as negative definite V) that are not satisfied here.

To begin, let h at the equilibrium U; = (w,,;, ;) be designated by

h,=1I; @, +KQa (D1)

and let A? = h; - h;. Note that these undesired equilibria have a zero
3-axis component for h;, because this is true for w,; from
Appendix C, and a lies in the 1-2 plane. Because i; > 0, h; - 1and
h;- 2 cannot both be zero.

Suppose h; - 1 # 0, and consider states (w,,$2) in the
neighborhood of this equilibrium given by

w,=w,+al+p3 Q= (D2)
This results in

B2 = h? +2h; - (Aad + CB3) + A%% + C*2f>  (D3)

so that motion on the constant momentum constraint (which has the
same momentum magnitude as at the equilibrium) requires that & and
B are related by

0=a2A(h,; - 1)] + B2C(h; - 3)] + o?[A2] + B[C?]  (D4)
where (h; - 3) =0.

Using Eq. (D2) in V from Eq. (15), the change from the
equilibrium value V — V; is found to be

AV=(A=C)B-C)RaAh; — 1, -w,) -1+ a?A(A — C)]
(D5)

Now note that h; — I, - w,; is colinear with h; at an equilibrium;
because @, and Q2 are zero and Eq. (9) requires that @,; x h; =0,
then w,; and h; are colinear, asis I, - w,; = Cw,;. Define the scalar
r; by

h; —I.-w,; =rh; (D6)

Replacing the term in Eq. (D5) linear in « by the corresponding
momentum constraint (D4) term yields

AV =(4-C)B- c>(a2A2(1 - %) _pcr) )

It is shown next that there is a I" large enough so that r; > 0. Hence,
AV satisfies

2 2 c :32 2
AVSa(A—C)(B—C)[A (1_2)—?C r,-] (D8)

From Eq. (D4), we find that

> A% 2A(h;-1)

£ et 9
Hence, Eq. (D4) admits nonzero solutions for & and 8 and B%/a? is
unbounded on every neighborhood of (0, 0) because h; - 1 # 0. Then
every neighborhood of the equilibrium U; on the momentum
constraint has points for which AV < 0.

Ifh; - 1=0, then h; - 2 # 0, so consider the deviation similar to

Eq. (D2):

w,=w, +a2+p3 Q=Q (D10)

When r; > 0, this results in

2
AV < a*(A—C)(B—C) [32(1 —%) - ?czr,.] (D11)
and
p__B _2B(h;-2)
o C aC? (P12

which is unbounded on every neighborhood of « =0 and 8 =0

because h; - 2 # 0, and AV < 0 on every neighborhood of U;.
We now show that r; > 0, as claimed earlier. Using Eqs. (C3) and

(C10) in Eq. (D6) and expanding the 1 component, the solution for r;

is found to be
A -1
=1—-(=—Ww. D13
i (2-w) o1

—1
v (0
Y Coj

Note that r; >0 when W;<(A—C)/C. Also, tanf/c,; <0
produces W; < K§/y. Now

where

2= (D14)

expands to
C(B — A)sin’0 < T2 (D15)

which is satisfied by choice of a large-enough control parameter I'.

Evaluating the 2 component of Eq. (D6) provides an alternate
expression for r;:
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r=1- (5— Q,-)il (D16)

K$ cot 6\ !
0 =(2)(1+5=

14 €2
Here, r; > 0 when Q; < (B — C)/C. When tan 6/c,; > 0, we have
cot 8/c,; > 0 and this produces Q; < K§/y. Now

K§ B-C

—_ < —_

y C

where

(D17)

expands to
C(A — B)cos?0 < T'? (D18)

Both Egs. (D15) and (D18) are satisfied by choosing I'> > C|A — B,
and we have r; > 0 for all values of tan 6/c,;.

Thus, forany A > C, B > C,and any 8, AV < 0 in aneighborhood
of any of the undesired equilibria, provided that I is chosen to be
large enough in the control law.

Instability of the undesired equilibria is now straightforward. For
any neighborhood of U; in the constant momentum manifold, there
are initial conditions  ,,, and €2, that have Lyapunov function values
V, strictly less than the value V; at U;. By the results of Appendix C,
the system state converges to one of the other undesired equilibria
U;, where V; <V, <V, or to one of the desired equilibria that has
V = 0. Hence, the undesired equilibrium U is unstable. Because U;
was arbitrary, all four undesired equilibria are unstable.

If A, designates the set for which V is less than the smallest of the
values of V; among the four undesired equilibria, then the set A, is a
basin of attraction for the two desired equilibria, because no other
invariant sets lie in the intersection of P and A, . Initial states in A,
converge to a desired equilibrium, and V converges to zero. The
desired equilibria are therefore asymptotically stable.

Note that the preceding results do not say that all initial conditions
near an undesired equilibrium are repelled. The center manifold
theorem [58] shows that these unstable undesired equilibria may
have stable manifolds, attracting some trajectories to themselves.
However, these stable manifolds must be thin; the evolution of
angular velocities in the neighborhood of these equilibria are
constrained to lie on the constant angular momentum cylinder
H C %i*. The state evolution on this three-dimensional manifold H
about an undesired equilibrium is not stable, as shown earlier.
Therefore, there is an unstable submanifold of H of the dimension of
at least one about each U;. Any stable manifold about U, therefore
has dimension of, at most, two. Initial states exactly on this
submanifold would converge to the corresponding U;, but any
disturbance from this thin set would result in motion away from the
undesired equilibrium. These stable manifolds have a measure of
zero in the three-dimensional angular momentum manifold H, hence
the desired equilibria are essentially globally asymptotically stable
(i.e., except for a set of initial conditions of measure zero).

Indeed, a spot check of the eigenvalues of the linearized state
matrix about these four equilibria for specific values of mass
properties, feedback gain «, and angular momentum (corresponding
to the first simulation example in Sec. IV) shows that negative real-
part eigenvalues (hence stable manifolds) do exist for all four of these
undesired equilibria: the stable manifolds are one-dimensional for
two U; and two-dimensional for the other two U;. That is, except for
initial conditions on a line into two undesired equilibria and on a thin
two-dimensional sheet at the other two undesired equilibrium points,
all initial states result in convergence to one of the two desired
equilibria.
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